Source Coding and Compression

Heiko Schwarz

S control
input video

control data

F N ot g quantization indices
k. 4 quantization
diEcerass “fTToooo it
s[x,y,t] | | Pecoder scaling &inv. | !
{ " transform | | Wizt
1 T
1 @ 3 bitstream
] i entropy
i ! coding
! i
i intra-picture I
{ prediction ! | sTxy.t]
: .\ . ‘motion-comp. output video
| intra/ prediction &
| inter N

estimation

Contact:
Dr.-Ing. Heiko Schwarz
heiko.schwarz@hhi.fraunhofer.de

Heiko Schwarz Source Coding and Compression November 24, 2013

1/ 242



Rate-Distortion Theory

Rate-Distortion Theory
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Outline

Part I: Source Coding Fundamentals
@ Probability, Random Variables and Random Processes
@ Lossless Source Coding

o Rate-Distortion Theory

Operational Rate-Distortion Function
Information Rate-Distortion Function
Shannon Lower Bound

Rate-Distortion Function for Gaussian Sources

Quantization

Predictive Coding

@ Transform Coding

Part 1l: Application in Image and Video Coding
o Still Image Coding / Intra-Picture Coding
@ Hybrid Video Coding (From MPEG-2 Video to H.265/HEVC)
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Rate-Distortion Theory [EEGIGICITEIT])

Rate-Distortion Theory — Motivation

Lossy coding: Decoded signal is an approximation of original

Rate-distortion theory: Information theoretical bounds for lossy compression

@ Results are obtained without consideration of a specific coding method

@ Goal of rate-distortion theory is to calculate the minimum transmission bit
rate for a given distortion and source

Example for a rate-distortion function of a discrete iid source

(H(S8),D,
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Rate-Distortion Theory [EEGIGICITEIT])

Transmission System and Variables

Transmission system

Distortion D
/ \

’ Source ‘—S—>’ Coder ‘T’ Decoder ‘i»’ Sink ‘

Bit-Rate R

@ Derivation in two steps

o Define S, S’, coder/decoder, distortion D and rate R
o Establish a functional relationship between S, S’, D, and R

@ For two types of random variables

o Discrete random variables
o Continuous-amplitude random variables (Gaussian, Laplacian, etc.)
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REIE OGN The Operational Rate-Distortion Function

General Structure of Lossy Source Codecs

e Encoder:

o Irreversible encoder mapping a: s — ¢
o Lossless mapping v:4 — b

o Decoder:

o Lossless mapping v : b — i
o Decoder mapping 3: 4 — s’

distortion D
v encoder codewords | decoder v
s encoder | I | lossless b lossless | i | decoder s’
> : —> i > I i >
source| | Mapping o coding Y A decoding Y mapping B | | econstructed
symbols symbols
bit rate R
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REIE OGN The Operational Rate-Distortion Function

Source Codes

o A source code ) = («, 8,7) is given by an encoder mapping «, a decoder
mapping B and a lossless mapping ~y

@ Special case: N-dimensional block source code Qn = {an, v, YN}

o Blocks of N consecutive input samples are independently coded

o Each block of input samples s = {sq,--- ,sy_1} is mapped to a vector of
K quantization indexes

3O

N)

=an(s™) (169)

o Resulting vector of indexes i"Y) is converted into a bit sequence
b = v (i) = yn (an (s™)) (170)

o At decoder side, index vector is recovered

i = A () = 73t (w (i) (171)
o Index vector is mapped to a block of reconstructed samples
= {sb, - sh)
'™ = n (i) = By (an(s™) (172)
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REIE OGN The Operational Rate-Distortion Function

Distortion

o Distortion: Measure of difference between a block of N input samples
sNV) = {s0,51,...,5n_1} and the corresponding block of reconstructed

N
N = L s s b

dn (s(N),s'(N))

samples s

o Typically: Additive distortion measures

N—

dN(S(N)a = Z Sla ’L (173)

=0

with the single symbol distortion dj (s, s’) > 0 (equality, if and only if s = s')

@ In this lecture: Mean squared error d;(s,s") = (s — s')?

2

1 N—-1 1 —1
dn (s(N), s’(N)) =N Z di(si, s}) = N (si — 5;)2 (174)
i=0

3

I
=
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REIE OGN The Operational Rate-Distortion Function

Average Distortion for Source Codes

@ Average distortion for a stationary random process S = {S,,} and an
N-dimensional block source code Qn = {an, v, YN}

5Qw) = B{dn(S™), on(an(s™)))} (175)

= /.. F(s)dn (s, Bn(an(s))) ds (176)

@ For arbitrary random process S = {S,,} and arbitrary code @
5(Q) = Jim E{dn(S™), By(an(s™)))} ()

e For additive distortion measures (such as the MSE distortion)
0(Q) =6(8,8") = E{dy(5,5")} = // fss(s,8")di(s,s") dsds’ (178)
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REIE OGN The Operational Rate-Distortion Function

Average Rate for Source Codes

@ Average number of bits per input symbol (] - | denotes the number of bits)
1 .
ry(s)) = N lyn(an(s™))]  with Y =y (an(s™)) (179)

@ Stationary random process S = {S,,} and N-dimensional block source code
Qn = {an, By, N}

r@w) = B inlan(sV))]} (180)
1
- - /RN £(5) [ix(an(s))] ds (181)
@ For arbitrary random process S = {S,,} and arbitrary code Q
1@ = Jim - B{ [ (an(s™)[} (182)
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REIE OGN The Operational Rate-Distortion Function

Operational Rate-Distortion Function

For given source S:
o Each code @ is associated with a rate distortion point (R, D) = (r(Q), 6(Q))
@ A rate distortion point is achievable, if there exist a code @)
such that r(Q) < Rand §(Q) < D
@ The operational rate-distortion function R(D) and its inverse,
the operational distortion-rate function D(R) are defined by

R(D) = Q:Ei(gf)SDT(Q) D(R) = Q:Ti(%f)gg(é?) (183)

region of
achievable
rate distortion
points (R,D)

operational
rate distortion — |
function R(D)
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REVENELIGIGIMIILIAN The Information Rate-Distortion Function

Motivation for Information Rate-Distortion Function

Operational rate-distortion function
@ Defined by
R(D)= inf r 184
(D)=, nf_ (@ (184)

@ Specifies a fundamental performance bound for lossy source coding

o Difficulty to evaluate (minimization over all possible codes)

Information rate-distortion function
@ Introduced by SHANNON in [Shannon 1948; Shannon1959]

@ Obtain expression of rate-distortion bound that involves the distribution of
the source using mutual information

@ Show that information rate-distortion function is achievable
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REVENELIGIGIMIILIAN The Information Rate-Distortion Function

Mutual Information for Discrete Random Variables

@ Mutual information between two discrete random variables A and B is
defined by

| 1(4; B) = H(A) — H(A|B)| (185)

@ Entropy H(A) is a measure of uncertainty about random variable A

o Conditional entropy H(A|B) is a measure of uncertainty about random
variable A after observing random variable B

@ Mutual information is a measure for the reduction of uncertainty about A
due to the observation of B

—> Average amount of information that A carries about B

@ Mutual information for discrete random variables A € A and B € B

I(A;B) = H(A) — H(A|B) = > > p(a,b) )log, 2 (a]b) (186)

acAbeB ( )
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REVENELIGIGIMIILIAN The Information Rate-Distortion Function

Mutual Information for Discrete Random Variables

@ Mutual information rewritten using Bayes' rule

I(A; B)

@ Mutual information between two random variables A and B represents

ZZp a,b) log, <( IZ;)

acAbeB

p(a,b)
ZZp(a,b)logQ () ()
p(bla

acAbeB

ZZpa b) log, ()>

acAbeB
H(B) — H(B|A)

the average amount of information that

o the random variable A carries about the random variable B, or

e the random variable B carries about the random variable A

Heiko Schwarz
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REVENELIGIGIMIILIAN The Information Rate-Distortion Function

Mutual Information for Discrete Random Vectors

@ Mutual information between two random variables A and B
I(A;B) = H(A)— H(A|B)
= H(B)— H(B|A)
pla,b)
p(a,b)log 188
22 plablos (185)

acAbeB

e Extension to N-dimensional random vectors A = (Ag, A1, ,Ay_1)T and
B = (BO»Blv v 7BN71)T
In(A;B) = Hn(A) — Hn(A|B)
= Hy(B) — Hn(B|A)
p(a,b)
a,b)log, ———~ 189

acAN beBN
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REVENELIGIGIMIILIAN The Information Rate-Distortion Function

Properties of Mutual Information for Discrete RV

@ Mutual information between discrete random vectors A and B

IN(A;B) = Hy(A) - Hy(A|B) (190)
— Hy(B) — Hy(B|A) (191)

@ Since the conditional entropies are non-negative

In(4;B) < Hy(A) (192)
In(A; B) < Hy(B) (193)

@ For independent random vectors A and B
IN(A;B) =0 (194)

@ If the random vector B is a deterministic function of the random vector A,

B = f(A) = In(A; B) = Hn(B) (195)
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REVENELIGIGIMIILIAN The Information Rate-Distortion Function

Mutual Information for Coding of Discrete Sources

o Consider mutual information Iy (S;S’) between a vector of N successive
input samples S and the corresponding vector of N reconstructed samples S’
IN(S; S’) = HN(S,) - HN(S,‘S)
< Hn(S') (196)

where equality is achieved if and only if the vector S’ of reconstructed
samples is a deterministic function of the input vector S

@ Recall: Fundamental bound for lossless coding

. . Hy(S')
> " = —E
HQ) > H(S) = lm = (197)
@ Rate of for code Q)
’ /.
(@ fim IVE) S (198)
— 00 — 00
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REVENELIGIGIMIILIAN The Information Rate-Distortion Function

Mutual Information for Continuous Random Variables

Remember: Discrete random variables
@ Mutual information for discrete random variables A and B

I(A;B) = H(A) — H(A|B) (199)
— H(B) — H(B|A) (200)

@ For continuous random variables, the discrete entropies are not defined
(they approach infinity)

Definition of mutual information for continuous random variables
@ Quantize pdfs with a quantization step size A
o Calculate mutual information for resulting discrete random variables

o Consider limit for quantization step size A approaching zero
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REVENELIGIGIMIILIAN The Information Rate-Distortion Function

Discretization of Continuous Random Variables

Xy X, X

@ Approximation f)((A) of pdf fx

7,+1
Ve :z <x<xiqr fX =X / x’ (201)

o Pmf px, for random variable Xa

pxa (@) = / e = f8 @) A (202)

k3

@ Joint pmf of two discrete approximations XA and Ya

— r&) 2
pXAYA(l‘ivyj) _fXY(miayj) A (203)
Source Coding and Compression November 24, 2013 178 / 242




REVENELIGIGIMIILIAN The Information Rate-Distortion Function

Mutual Information for Continuous Random Variables

@ Mutual information for discrete random variables XA € Ax, and YA € Ay,

T3, Yi
I(Xa;Ya) = Z Z Pxava(®isyj) log, —pXAYé( y)' (204)
21 €Ax Yi€AY, Pxa (IZ)pYA (y])

(a)
Ly,
= > > 1S (i) - log, b yj) - A?

A
lzeAxAyleAyA ( )( )fY (j)

@ The mutual information I(X;Y") for the continuous random variables X
and Y is obtained for A approaching zero,

1(X;Y) = Jim I(Xa;Ya) (205)

@ For A — 0, the piecewise constant pdf approximations fXY f(A) and fl(/A)
approach the pdfs fxy, fx, and fy, and we obtain

fxy(z,y)
I(X;Y) / / Ixy(z,y) log, mdxdy (206)
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REVENELIGIGIMIILIAN The Information Rate-Distortion Function

Mutual Information for Continuous Random Vectors

@ Mutual information for continuous random variables X and Y

= [ [ vy tog, XY@,
16Y) = [ [ pevta) gy 7205 sy on)

— 00 —O0

@ Consider extension to N-dimensional random vectors
X =(Xo, X1, ,Xny-1)Tand Y = (Yo, Y1, , Yn_1)7T

w(xY) = [ [ ixvew) 1og2mc1 dy  (208)

o Using fxy (z,y) = fx(x)fy|x(,y), we can also write

fyix@y)

nxY) = [ [ix@ityixte.s) os, 5

RN RN

dz dy (209)
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REVENELIGIGIMIILIAN The Information Rate-Distortion Function

Mutual Information between Discrete and Continuous RV

@ Let Y be a discrete random vector with alphabet A%

fy(w) = Y d(y—a)py(a) (210)
acAY

frixlz) = Y 6y —a)pyx(alz) (211)
acAy

@ Rewriting mutual information using above pmfs yields

[ [x@ix.y) log, YX@Y) 4o g,

fy(x)
RN RN

= [xt@) Y pyixale) 1,200

A Ay py(a)

— [x(@) 3 pyix(ale) (1o v x(ale) - Loz, py (@) de

RN a€A¥

IN(X;Y)

dx
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REVENELIGIGIMIILIAN The Information Rate-Distortion Function

Mutual Information between Discrete and Continuous RV

o Continue reformulation of mutual information I (X;Y)

IN(X;Y) = /fX )Y pyix( a|$)(10g2pY|X(a|93) Ingpy(a)) dz
RN aeAN

- /PY\X(a|fB)fX($)d93 logy py (a)

acAyY \pn

+ / fx@) [ Y pyix(alz)log, py x (ale) | dz

acAY

- Z py (a)log, py (a /fX YHN (Y| X =) dx
acAy RN

= Hy(Y) —/fX(a;) Hy(Y|X =x)dx (213)
RN
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REVENELIGIGIMIILIAN The Information Rate-Distortion Function

Mutual Information between Discrete and Continuous RV

@ Mutual information between a discrete random vector Y and a continuous
random vector X

IN(X;Y):HN(Y)—/fX(m)HN(Y|X::c)dm (214)
RN
where Hy (Y) is the entropy of the discrete random vector Y and
Hy(Y|X=z)=- ) pyx(alz) log, py|x (alz) (215)
acAY

is the conditional entropy of Y given the event {X =z}

@ Since the conditional entropy Hy (Y | X =x) is always nonnegative, we have

[In(X;Y) < Hy(Y)] (216)

with equality if and only if Y is a deterministic function of X

o If X and Y are independent, we have Iny(X;Y) =0
Source Coding and Compression November 24, 2013 183 / 242



REVENELIGIGIMIILIAN The Information Rate-Distortion Function

Mutual Information for Coding of Continuous Sources

o Consider mutual information Iy (S;S’) between a vector of N successive
input samples S and the corresponding vector of N reconstructed samples S’

@ Since vectors of reconstructed samples are discrete, we can write
IN(S;8') = HN(S')f/fs(s)HN(S’\S:s)ds < Hy(S") (217)
RN

where equality is achieved if and only if the vector S’ of reconstructed
samples is a deterministic function of the input vector S

@ Using the fundamental bound for lossless coding, we have for the average
rate of a source code @,

Q) > lim Hy(S) oy, IN(S5S)

~ N—oo N ~ N—oo N (218)

= Same expression as for coding of discrete sources
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REVENELIGIGIMIILIAN The Information Rate-Distortion Function

Description of a Source Code using a Conditional Pdf

@ Statistical properties of a mapping s’ = 5(«(s)) can be described by an
N-th order conditional pdf gn(s’|s)

o Example 1: Mapping s — s’ : s’ = [s/A] - A

g1(s|s)

g1(s'ls) = d(s" — [s/A] - A)

\ [s/AJA s

@ For N > 1, gn(s’|s) are multivariate conditional pdfs

@ The pdfs gn(s’|s) obtained by a deterministic mapping (codes) are a subset
of the set of all conditional pmfs
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The Information Rate-Distortion Function
Description of a Source Code using a Conditional Pdf

e Example 2: Mapping (sp, Snt1) = (57, 5,41)

(S;L?S{n-‘rl) = (_17_1)
0

91(s'ls)

\\\\\\87l+1 A
1 .
Sn + Sn+1 > 1 .
Sn +Sn+1 < —1 -1 1 VSn
otherwise '
o AN
1

g1(5'|s) = 2-8(s'+1)+y-6(s")+2-6(s'—1)

withx+y+2=1

—1 {

Heiko Schwarz

\J
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The Information Rate-Distortion Function
Distortion for a Source Code using Conditional Pdf

o Let gf\?,(s’|s) be the N-th order conditional pdf of a source code @
with s’ € RY and s € RY

@ N-th order distortion
on(gn) = E{dn(S,S")}
//fssl(s,s’) ~dn(s,s")dsds’

RN RN

//fs s'|s) - dn(s,s’)dsds’ (219)

RN RN

@ Recall: General expression for distortion §(Q) of a source code Q

0(Q) = lim E{dy(S,S")} (220)

@ Distortion for a source code @ can be written as
5(Q) = lim dn(gR) (221)
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REVENELIGIGIMIILIAN The Information Rate-Distortion Function

Mutual Information for a Source Code using Conditional Pdf

@ N-th order mutual information

In(gn) = E{log2 fSSI(S’S,))}

Is(S)fsr (S’
_ ’ fSS'(S’S,) ’
= [ [ Issrtons) toma £ 3G asas
RN RN
//fs (s’|s) -logQMd ds’ (222)
fsr(s')
RN RN

with

fsr(s / fs(s s'|s)ds. (223)

o For a given source S, both the N-th order distortion §y and the N-th order
mutual information I are completely determined by the N-th order
conditional pdf g%(s’\s)
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The Information Rate-Distortion Function
Information Rate-Distortion Function

Consider any source code @ with a distortion §(Q) < D
Associated rate is denoted by r(Q)
Output S’ of source codec is a discrete random process
Remember: Fundamental theorem for lossless coding
_ Hn (S’
H@) 2 A(S) = Jim T8

N—oc0

(224)

Using mutual information, we can write

. HN(S,) . IN(S;S') . IN(QN)
> > = = N7
T(Q) A}lm th lim N (225)

Deterministic mapping g]% as given by a source code @ is a special case of a
random mapping gn

In(g%) > inf I 226
~N(95%) 2 ot b ~N(gn) (226)
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REVENELIGIGIMIILIAN The Information Rate-Distortion Function

Information Rate-Distortion Function

@ Hence, we have

- In(gR) . . In(gn)
> 1 /2N > ] f 22
r(@) = N3so N Nso gN;aNl?gN)gD N (227)
@ Information rate-distortion function
. . In(gn)
RU(D) = lim inf 228
( ) N—oo gn:idn(gn)<D N ( )
o Fundamental source coding theorem
VQ:6(Q) < D, r(Q)>RY(D) (229)

— For a given maximum distortion D, the rate r(Q) for each source code Q
that yields a distortion §(Q) < D is greater than or equal to the information
rate-distortion function R()(D)
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REVENELIGIGIMIILIAN The Information Rate-Distortion Function

Information vs Operational Rate-Distortion Function

o We have shown that information rate-distortion function R)(D) represents
a lower bound for all source codes @

— Lower bound for operational rate-distortion function

e It can also be shown that R()(D) is asymptotically achievable

o For any € > 0, there exists a code @) with

D and
RU(D) +e

2
)
IAIA

(see proof in [COVER and THOMAS])

— Information rate-distortion function is equal to
operational rate-distortion function

@ Use the term rate-distortion function R(D) for both in the following
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The Information Rate-Distortion Function
(Information) Distortion-Rate Function

@ Fundamental source coding theorem

VQ:6(Q) <D, r(Q)>R(D)] (230)
with (information) rate-distortion function
: . In(gn)
R(D)=1 f — 231
(D) NgnocgN:zSNl&N)gD N (231)
@ Alternative formulation by interchanging roles of rate and distortion

YQ:r(Q) < R 4(Q) 2 DV(R) (232)

with (information) distortion-rate function
D(R) = lim inf n(gn) (233)

N—oo gn:In(gn)/N<ZR

e Distortion-rate function D(R) is inverse of rate-distortion function R(D)
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REVENELIGIGIMIILIAN The Information Rate-Distortion Function

R(D) for Discrete Sources and Additive Distortion Measures

e Example of R(D) for (H(S).D
a discrete iid source

hnin = 0) —

e R(D) is a non-increasing
and convex functionof D | N\ T

D
0 1 /
O Dmm(

@ There exists a value Dy, ., so that
VD > Dax R(D)=0 (234)
— For MSE distortion measure: Dy« is equal to the variance o2 of the source

@ Minimum rate required for lossless transmission of a discrete source is equal
to the entropy rate
Dpin =0 R(0) = H(S) (235)

= Fundamental bound for lossless coding:
Special case of the fundamental bound for lossy coding
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The Information Rate-Distortion Function
R(D) for Continuous Sources and Additive Distortion Meas.

o Example of R(D) for an amplitude-continuous source

R [bits]] o

_— R(D) for continuous amplitude sources

0

] 2
0 1 Dlo
e R(D) is a non-increasing and convex function of D

@ There exists a value D,,,x, so that
VD > Dax R(D)=0 (236)
— For MSE distortion measure: Dy« is equal to the variance o2 of the source

e R(D) approaches infinity as D approaches zero
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REVENELIGIGIMIILIAN The Information Rate-Distortion Function

Rate-Distortion Function for I1ID Sources

@ N-th order distortion dn(gn) for additive distortion measures

Snlgn) = E{dn(S.8")}) = E{ Z 1 (S5, SY) }=E{d1(5, s}

/ f5(5) - g1(')s) - da (s, 5") ds = 61 (g) (237)

@ N-th order mutual information for iid sources
(Note: If the source S'is iid, the reconstruction S’ is also iid)

fesr(S.8) \ fss(5.8) \V
Bl 755 )fo(S’)}_E{logz(fs(s)fy(s’)> }
fs5:(S,5") }
fs(S) fs (S

In(gn)

=N- E{log2

=8 [ s 005190 108, B0 asas < ) (239

—0o0 — 00 fS/(S/)
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REVENELIGIGIMIILIAN The Information Rate-Distortion Function

Rate-Distortion Function for I1ID Sources

@ For iid sources and additive distortion measures, we have

W) =01(9?)  and  Iv(¢%) = N-L(¢g?) (239)

@ Rate-distortion function for iid sources and additive distortion measures

i : In(gn) i
R(D) = lim inf — = inf I 240
(D) NSoogn:dn(gn)<D N 01 6u(e)<D 1(91) (240)

= Also called first-order rate-distortion function R;(D)

@ Distortion-rate function for iid sources and additive distortion measures

D(R)= 1l inf 1) = inf 1) 241
( ) NgnoogN:IN(lgnN)/NSR N(gN) glllll(r.}h)SR 1(91) ( )

— Also called first-order distortion-rate function D;(R)
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The Information Rate-Distortion Function
N-th Order Rate-Distortion Functions

@ Can define N-th order rate-distortion and distortion-rate functions

. In(gn)
Ryn(D) = f 242
N( ) 9N1513129N)SD N ( )
DN(R) = inf 5N(gN) (243)

gn:IN(gn)/N<R

@ In general, the rate-distortion and distortion-rate functions can be written as

R(D)= lim Ry(D)| and |D(R)= lim Dy(R) (244)

N—o0 N—o00

@ For iid sources and additive distortion measures, we have

\R(D):Rl(p)\ and \D(R):Dl(R)\ (245)
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REVENELIGIGIMIILIAN The Information Rate-Distortion Function

Discussion of Rate-Distortion Functions

Operational rate-distortion function

R(D)= inf r 246
(D)= jnf (@) (246)
@ Minimization over all possible source codes

o Easy to define, but impossible to evaluate

Information rate-distortion function

I
R(D)= tim it 1nUN) (247)
N—oognidn(gn)<D N
@ Property of source: Don't need to consider all possible codes
o Still impossible to evaluate directly (minimization over all conditional pdfs)

@ Numerical minimization for discrete sources: Blahut-Arimoto algorithm

How can we proceed?
@ Can derive lower bound for (information) rate-distortion function
@ For some sources and distortion measures (e.g., Gaussian and MSE):
== Can show that lower bound is achievable
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Shannon Lower Bound
Differential Entropy

@ Mutual information between a continuous random vector X and a
continuous or discrete random vector Y

[(X;Y) = E{10g2 fxyX,Y) }E{longXW(XlY)}

Ix(X) fy(Y) I[x(X)
= B{-log, fx(X)} — E{~log, fx )y (X|Y) }
= h(X) - h(X]Y) (248)

o Define: Differential entropy of a continuous random vector X

h(X) = B{~log, fx(X)} = — / fx (@) log, fx () dz  (249)
RN

o Define: Conditional differential entropy of X given Y
WXIY) = B{~log, fxpy (XIV)}

= —/ /fXY(%y) log, fx|y (zly) dedy  (250)

RN RN
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REFSNETGLL M2  Shannon Lower Bound

Example: Differential Entropy for an Uniform IID Source

@ For an continuous iid source S, differential entropy is defined as

h(S) = E{—log, f(S)} = — / " F(s) log, £(s) ds

(251)
@ h(S) for uniform distribution f(s) =1/A for —A/2<s< A/2
() A2 4 1 1 ) A)2 e low 4 (252)
hS:—/ — log, —ds = — log / s =log 252
ap A THA AT 4 :
o Differential entropy can become negative (in contrast to discrete entropy)
2 S fs=al=057" 2
1
15
0
B =,
= 1 A=Atz i
-1
05 oAl 5
0] -3
-2 -15 -1 =05 0 05 1 1.5 2 0 05 1 1.5
A Source Coding and Compression

25 3

P
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Shannon Lower Bound
Differential Entropy for an Gaussian IID Source

@ Gaussian iid process

fs(s) = e e (253)

o Differential entropy

Ws) = - / F5(s) ogs fs(s)ds

2
= /fs [ ) log, e —log, V2mo? | ds

E{(S — 1
= M -logy e + = log,(2m0?)
202 2

1 1
=3 log, e + 3 log, (2m0?)

1
=3 log, (2mea?) (254)
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Shannon Lower Bound
N-th Order Differential Entropy

@ N-th order differential entropy
h(8) = h(S™) = h(So, -+ Sx—1) = B{ ~log, fs(S™) }

o Differential entropy rate

e o h(S) . h(So,---,SNn-1)
MOETN AT N
@ N-th order pdf of a stationary Gaussian process
1

_ —L(s—pu)TCL (s—
fG(S) = W e 7 (S—Hy N )

@ N-th order differential entropy of stationary Gaussian process

MES) = = | Jols) logy fols) ds
= 5 loga((2m)"|Cwl)
2 | fas) (s )i (s pay) ds
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Shannon Lower Bound
N-th order Differential Entropy of Stationary Gaussian Process

o General stationary process with pdf fg(s), mean p, covariance matrix Cy

. fs(s) (S—NN)Tcﬁl(S—NN) ds

Heiko Schwarz

E{(S—py)"Cy (S—py)}

N—-1N-1

ESY D (S = i) (€785 = my)
i=0 j=0

N—1N-1

N—-1N-1
-1
Cj i(C )m
i=0 j=0
N-1
—1
(CC™ )i,
=0
N (259)
Source Coding and Compression November 24, 2013 203 / 242



REFSNETGLL M2  Shannon Lower Bound

N-th order Differential Entropy of Stationary Gaussian Process

@ Showed for general pdf fg(s)

| Ts(e) (s=) O (s pay) ds = (260)

@ Continue derivation for stationary Gaussian source

>
3
n
Il

5 loga((2m)VICw )

HE [ fols) (s O (s y) d
RN

1 N
3 log, ((2m)V|Cn|) + = logy €

2
1 1

=3 logy ((2m)N|Cn|) + 3 log, eV
1

=3 log, ((2me)™|Cn|) (261)
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Shannon Lower Bound
N-th order Differential Entropy of Stat. Non-Gaussian Process

o Consider stationary non-Gaussian process with N-th order pdf f(s)

o Let fo(s) be the N-th order pdf of a Gaussian process with the same N-th
order autocovariance matrix C'n

@ By applying the divergence inequality for pdfs, we obtain
() = = [ fs) log, 7(s) ds
RN
<~ [ #s) 105, fu(s) ds
RN

— Slog,(2m)[Cx]) + 255 [ f(s)(5- ) CR (s my) ds
RN

= Jlogy((270)Y|Oxl) = 1E(9) (262)

—> Gaussian process with a given N-th order autocovariance matrix Cy
has the largest N-th order differential entropy among all processes
with the same autocovariance matrix Cy
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REVCE NSV ECIAN  Shannon Lower Bound

Eigendecomposition of the Covariance Matrix

@ Determinant |Cy|: Product of the eigenvalues &; of the matrix Cy,

Cy=ANEvAY —  |Cn|=|AN||Bn|- |AY| = H e™M (263)
S~~~ _
1 =1

@ Ap: Orthogonal matrix with the N unit-norm eigenvectors as columns

Ay = (o oV o) (264)

o = : Diagonal matrix with the IV eigenvalues of Cy on its main diagonal

™ 0 .0
(N)
0 e 0
Eny = : 51. . (265)
: : : 0
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Shannon Lower Bound
Maximum Differential Entropy

@ Determinant of a matrix is the product of its eigenvalues

N—1
Cnl =[] &V (266)

=0

@ Trace of a matrix is the sum of its eigenvalues (trace is similarity invariant)

r(|Cx|) = Zg(m N o2 (267)

@ Inequality of arithmetic and geometric means:

N1 \¥ | N1
7 < = (2] 2
H T S 27 (268)
=0 i=0
with equality if and only if zop=21=...=2zN5_1

(when geometric mean is maximized)
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REFSNETGLL M2  Shannon Lower Bound

Maximum Differential Entropy

@ Apply inequality to determinant of autocovariance matrix

N-1 | Nl N
Ol =] & < (N > &) =N (269)
1=0 1=0

= Equality if and only if source is iid (all eigenvalues are the same)
@ For N-th order differential entropy of any source S, we get

hn(S) < %log2 ((2me)N |CN|) (equality for Gaussian)

N
- log, (2meo?) (equality for iid) (270)

IN

— Equality if and only if source is Gaussian iid

= For a given variance 02, the N-th order differential entropy is
maximized for Gaussian iid processes

hn(S) < %logg (2meo?) (271)
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REVCE NSV ECIAN  Shannon Lower Bound

Shannon Lower Bound

@ Lower bound for rate-distortion function R(D)

. . In(S;S")
R(D) = 1 f _
(D) Ngnoo gNzaNl?gN)gD N
_ 4
= lim inf i (S) — hw (S]S7)
N—oo gn:dn(gn)<D N
’
= lim i (S) — lim sup 7hN(S|S)
N —oco N N—oo gn: 08 (gN)<D N
_QrQ
= B(S)— lim sup M
N=20 gn:ion(gn)<D N
@ Define: Shannon Lower Bound
- hn(S — 8’
Rr(D) = h(S) — lim sup (S = §°)
N—oogyioy(gn)<p NV

@ Since conditioning does not increase differential entropy, we have

|R(D) > R(D)|  (equality if S — S” is independent of S')

Heiko Schwarz Source Coding and Compression
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Shannon Lower Bound
Shannon Lower Bound for MSE Distortion

@ For MSE distortion: Distortion is given by variance of differences
on(gn) = 0% with Z=85-5 and nz =0
@ Remember: Maximum differential entropy
N N
hn(S —8") =hn(Z) < 5 log, (2meoy) = 5 log, (2meD)

@ Shannon lower bound for MSE distortion

Ru(D) = h(S) — %mgQ (2meD)

— For given C'y or ®s5(w), maximized for Gaussian processes
= For given ¢?, maximized for Gaussian iid processes

@ When is the Shannon lower bound for MSE achievable?
— Difference process Z = S — S’ has to be zero-mean Gaussian iid
— Difference process Z = S — S’ has to be independent of S’:

9Z|S'(z|5,) =9z(2)
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REFSNETGLL M2  Shannon Lower Bound

Shannon Lower Bound for IID Sources MSE Distortion

@ Shannon lower bound for MSE distortion

— 1 _
Ry(D) = h(S) — 11og2(27reD) Dp(R) = — -22M8) .92k
2 2me
@ For iid sources S, we have
= .. hn(S) . 1
h(§) = lim —-— = lim = E{-log, f5(S)}

1

(278)

N-1
= Jim > B o fs(S0)) = Jim X B{-log, £5(5))
=0

N—)ooN4

E{—log, fs(5)} = h(S)

@ Shannon lower bound for MSE distortion and iid sources

Rr(D)=h(S) — %logz(%reD)

DiL(R)=— -2

1

2me

2h(8) . 9—2R
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REVCE NSV ECIAN  Shannon Lower Bound

Shannon Lower Bound Selected IID Sources

o Uniform pdf:

o Laplacian pdf:

h(S):%logQ(maQ) = Dr(R)

6
o2 .9 2R
e
~—~

~0.7

o Gaussian pdf:

h(S) = %10g2(26202) = Dr(R) =

o2 .9—2R

g
'oo<>]\®
>
&

h(S) = % log, (2mea?)

—

DL(R) = 0”271

Heiko Schwarz
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Shannon Lower Bound
Shannon Lower Bound Selected IID Sources

Shannon lower bound using MSE and SNR
2

o
SNR = 10log,y ——=— 284
€10 MSE (284)
@ Uniform iid process: red
@ Laplace iid process: green
@ Gauss iid process: blue
1 30
0.8 2
20
o 0.6 %
E ~ 15
0.4 4
10
0.2 5
% 2 3 4 % 1 2 4
Rate [bit/symbol] Rate [bit/symbol]
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Shannon Lower Bound
Asymptotic Tightness of the Shannon Lower Bound

@ Shannon lower bound approaches distortion rate function for small distortions
or high rates

lim R(D) — Ry(D) = 0. (285)

o Comparison of D(R) with Dy (R) for the Laplacian iid source

1.0

._—distortion rate function D (R)
0.8 |

distortion D

04

Shannon lower bound D, (R)
02

0.0 . .
0.0 0.5

rate R 1.0 1.5
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REVCE NSV ECIAN  Shannon Lower Bound

Shannon Lower Bound for Gaussian Sources with Memory
o Differential entropy for Gaussian sources
1
by (8) = 5 logs ((2me)|Civ| ) (286)

@ Shannon lower bound for MSE distortion

Ry, (D) = ]\;gnoo h(]\i)V(S) 1 log, (2meD)
_ J\}gnoc log,( (27;]6\)7 |CN|) 1 log2(27reD)
= % log,(2me) + A}gnoo w - % log, (2meD)
= ]\;gnoo bg;i]‘\?m _1 log, D
= lim o Z log, €M) — = 1og2 (287)
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Shannon Lower Bound
GRENANDER and SZEGO’s theorem

@ Assume zero-mean process: Cny = Ry
@ Given the conditions

e Ry is a sequence of Hermitian Toeplitz matrices with elements ¢x on the
k-th diagonal

o The infimum ®;,¢ = inf, ®(w) and supremum Py, = sup,, P(w) of the

Fourier series are finite
oo

Dw)= > ¢pe " (288)

k=—oc0
e The function G is continuous in the interval [®ins, Psup)

@ The following expression holds

]\}gnooﬁ Z G( ) 217T /Tr G (®(w)) dw (289)

where fi(N), fori =0,1,...,N — 1, denote the eigenvalues of the N-th
matrix Ry
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REFSNETGLL M2  Shannon Lower Bound

Shannon Lower Bound for Gaussian Sources with Memory

@ We have already derived

Rp(D)= lim_ 2— Z log, &™) — flogzD (290)

@ Applying GRENANDER and SZEGO's theorem

N-1
. 1 (N) 1 g
lim ;O (g ) o / G (®(w)) dw (291)
yields
1 4 1
RL(D) = . log2 Pgs(w) dw — 5 5 108y D
1 Uy
= — / log, Pss(w) dw — — log2 D dw
4 r
1 ‘I)SS
= — d 292
b s w (202)

Heiko Schwarz Source Coding and Compression November 24, 2013 217 / 242



REFSNETGLL M2  Shannon Lower Bound

Power Spectral Density of a Gauss-Markov Process

@ Zero-mean Gauss-Markov process with |p| < 1
Sp=Zn+p-Sp_1 (293)

@ Auto-correlation function o[k = o ¥ (204)

@ Using the relationship

Zak e — (295)

P —
we obtain o0 '
Pgg(w) = Z Pk] - eIk
k=—oc0
= Z 0'2 . plk:‘ . e_j"‘-)k
k=—o00
:02~<1+ S )
e Iv —p e —p
1— 2
T P (296)

1 —2pcosw + p?
Heiko Schwarz Source Coding and Compression November 24, 2013 218 / 242



REVCE NSV ECIAN  Shannon Lower Bound

Shannon Lower Bound for Gaussian-Markov Processes

@ Shannon lower bound for a zero-mean Gauss-Markov process with |p| < 1

1 T
Ru(D) = - [ low,
LT ot )

Pgs(w)

dw

dw —

- [
i) %27 D
1 [" 9
o _ﬁlog2(1—2pcosw+p ) dw
=0
1 o?(1—p?
RL(D) = ilogz%

where we used

/ In(a® — 2abcosz + b?)dz = 2rlna
0

@ Shannon lower bound as distortion-rate function

Dr(R) = (1 —p?) %2728

Heiko Schwarz Source Coding and Compression
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Rate-Distortion Theory Rate-Distortion Function for Gaussian 1ID Sources

Rate-Distortion Function for Gaussian IID Sources

@ Consider Gaussian iid source

1 _e-w?
fs(s) e 27 (300)

T 27102

@ Shannon lower bound for Gaussian iid sources

1 a2 . 2
DL(R) = 0% 2727 | RL(D)={21"g2D ;35; (301)

0

@ For Gaussian iid sources: Rate-distortion function = Shannon lower bound

@ How can we proof it?
o Could show that Shannon lower bound is achievable
== Need to find gg/|5(s'|s) for which the Shannon lower bound is achieved

@ Remember: Discussed that Shannon lower bound is achievable if

o Difference signal Z = S — S’ is independent of S’
o Difference signal Z = S — S’ has a zero-mean Gaussian distribution

Heiko Schwarz Source Coding and Compression November 24, 2013
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Rate-Distortion Theory Rate-Distortion Function for Gaussian 1ID Sources

Rate-Distortion Function for Gaussian IID Sources
Consider conditional pdf gz s/ (2[s") = gg—g/|s/(s — s'|s") instead of gg/|5(s|s)

o Given gz s/(2]s"), conditional pdf gs/|g(s"|s) can be derived by

9s115(5'|s) = ggjs/(s]s) - f]fslgz; with  gg15:(s]s") = gz15/ (2 + §'[s)

(302)

@ Shannon lower bound coincides with rate-distortion function,
only if the difference signal Z = S — S’ fulfills the conditions:

o Difference signal Z = S — S’ is independent of S’
o Difference signal Z = S — S’ has a zero-mean Gaussian distribution

@ Hence, g7|5/(2|s") has to have the form

1 — 1 .
= = fy(z)  (303)

9215 (1) = s 5D

@ Need to verify that this is a valid choice!
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Rate-Distortion Theory Rate-Distortion Function for Gaussian 1ID Sources

Rate-Distortion Function for Gaussian IID Sources

@ Question: Is the conditional pdf gz (z|s) a valid choice?

9z|s:(2l8") = fz(2) = e 2D (304)

@ Source S is the sum of two independent random variables Z = S — S’ and S’

@ Hence, fs(s) is given by the convolution
fs(s) = fz(z) * fsr (s') (305)

@ Note: Convolution of two Gaussians f(u1,07) and f(u2,03) is a Gaussian
with g1 = 1 + pe and 0 = 02 + 03
@ Hence, the pdf of the reconstructed samples is
1 _ (T =w)?

= (306)

@ This is a valid pdf for S’ (no negative values)
== Our choice for gz s/ (2]s) is valid
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Rate-Distortion Function for Gaussian 11D Sources
Rate-Distortion Function for Gaussian IID Sources

Check distortion and rate (mutual information)

o Distortion given by variance of difference process Z = S — 5’
5(9) =E{(S-5)}=E{Z*} =D (307)

@ Mutual information

I(g) = h(S) = h(S]5")
= h(S) —h(S - 95'|S")
= h(S) —h(Z]9")
h(S) —h(2)
= %log2(27r602) - %logQ(QWeD)
o2
= R(D)= %log2 ) (308)

— For Gaussian iid processes and MSE distortion, the rate-distortion
function coincides with the Shannon lower bound
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Rate-Distortion Function for Gaussian 11D Sources
Rate-Distortion Function for Gaussian IID Sources
Considered Gaussian iid source with a variance o2 and MSE distortion

Shannon lower bound coincides with the rate-distortion function
The rate-distortion function R(D) is given by

2

1 a” 2
R(D)_{510g20> 0<D<o

D > g2 (309)

The distortion-rate function is given as

D(R) = ¢%. 2721 (310)

The signal-to-noise ratio (SNR) is given as

2

SNR(R) = 10 - log;, ﬁ =10 -log,o 22® ~ 6R [dB] (311)

For MSE distortion and a given variance o2, the rate-distortion
function R(D) is maximized for Gaussian iid processes

—> Gaussian iid processes are the hardest to code
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Rate-Distortion Function for Gaussian Sources with Memory
Rate-Distortion Function for Gaussian Sources with Memory
@ N-th order pdf of stationary Gaussian random process

(@) (o) _ 1 —1(8-py)"Cr (5—pty)
Is7) = Gmwmpegpe T T 61

o Eigendecomposition of covariance matrix Cy,

Cny=Ay - -Ey- A} (313)

@ Apy: Matrix with columns are equal to the NV unit-norm eigenvectors

Ay = (véN),vgN),-n ,v%&) (314)
@ =y Diagonal matrix with eigenvalues of Cy on its main diagonal
™ 0 .0
0o &M 0
Ey = _ _ _ (315)
. . . O

o 0o o0 &M
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Rate-Distortion Function for Gaussian Sources with Memory
Signal Space Rotation
o Given stationary Gaussian source {5, }: Construct source {U,} by
decomposing {S,} into vectors S of size N and applying the transform
U= Aﬁl (S —my) = AJ%; (S — ) (316)

Linear transformation of a Gaussian random vector results in another
Gaussian random vector
@ The chosen transform yields independent random variables U;

N-1 u?
1 1g, 71 1 - ="
fuw) = s =mm e 20 =Y = ——e % 317
U(u) (QW)N/Q |=‘N‘1/2 g) wa.(N) (317)
@ Mean
E{U} :A]%; (E{S}_NN) :AJE (NN —py) =0 (318)
@ Covariance
E{UUT} = ATE{(S - 1) (S — )" } Av
= AL CN Ay = Ex (319)
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Rate-Distortion Function for Gaussian Sources with Memory
Distortion and Mutual Information

@ Inverse transform after compression identical to forward transform
S =AU’ + py, (320)
o With
U -U)=A3(8'"-8) < (8-8)=Ay(U'-U) (321

o MSE distortion between any realization s of S and its reconstruction s’

1 1
dn(sis) = = O (i) = (s~ /)7 (s~ )
=0
= i(u—u’)TATA (u—u'):i(u—u’)T(u—u’)
N NN N
| N2
= N (u; — u})? = dy(u; u’) (322)
=0

@ Since coordinate transform is invertible,
In(S;8") = In(U:U") (323)
Source Coding and Compression November 24, 2013 227 / 242



Rate-Distortion Theory Rate-Distortion Function for Gaussian Sources with Memory

Distortion-Rate Function

@ Mutual information and average distortion considering independence of the
components U;

N-1 N-1

KD =Y 06 and A =1 D66 (329)
=0 =0

@ N-th order distortion rate function Dy (R)

N-1 N-1

Dy(R) = ! > Di(R;) with R= R; (325)

N K3
e D;(R;): Distortion-rate function for Gaussian iid processes for component U;
Dyi(R;) = 0227 2R = ¢V 928 (326)
. (N) | . .
with &7 being the eigenvalues of C'y
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Rate-Distortion Function for Gaussian Sources with Memory
. . .
Optimal Bit Allocation

@ Have to distribute the bit rate in an optimal way

N-1
1
min Dn(R) = N Z ¢N) 928 such that R >
i=0

@ Comparison on different types of mean computations

1 1
Dy(R) = ~ fom 272 > <Iﬁ1§m 2—2Ri>N = <NI—[1£?N>>N- 928
N i=0 ' - \iZo ' j '
—|Cn | T =)
with Hf\;)l 9—2R; _ 9—2Ro . 9—2R: .. . 9—2Rn-1 — 9— X1 ;' 2R; _ 9—2RN
@ Expression on the right-hand side of above inequality is constant:

equality achieved when all terms §£N) 9—2R:i — ¢(N)9—2R

1™ ¢ . ‘oo (Tre)
. R+§ log, g(N) =3 log, m with EW) = E) &
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Rate-Distortion Function for Gaussian Sources with Memory
Condition for Partial Bit Rates

@ So far, we have ignored that R; cannot be less than 0

(N)
1 3 —0 if M) < @Ng2R

@ Introducing the parameter 6, with 0 < 6 < D, yields

1 g™ (N)
R, ={ 2 logy 5= + 0= fi(N) (328)
0 D 0>¢
and )
0 :0< f.N
D; = - 329
{ 514(1\/) 6> gz(N) (329)
@ Can also be written as
(N)
1 \
R;(#) = max (O7 3 log, EZG ) and D;(f) = min (ggN), 9) (330)

@ This rate allocation concept is also referred to as reverse water filling
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Rate-Distortion Theory Rate-Distortion Function for Gaussian Sources with Memory

Reverse Water Filling for Independents Gaussian RV

2
of A

D; = min (07, 6)

v

So S S S3 Sy i

@ Optimal rate allocation for independent Gaussian RV and MSE distortion
e Code random variable with ¢ > @ so that the same distortion is obtained
@ Do not assign any rate to random variables with ¢ < 6
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Rate-Distortion Theory Rate-Distortion Function for Gaussian Sources with Memory

N-th Order Rate-Distortion Function

@ N-th order distortion-rate function Dy (R)

2

-1
1

— R;
N

i

N-1
1
Dy(R) = > Di(R;) with R=
=0

Il
=]

@ Optimal rate allocation

1. M N
R;(0) = max { 0, 5 log, >, and  D;(6) = min (§< )79>

@ Parametric expressions for IN-th order rate-distortion function

1 1 .
Dn(9) = i D, = N Z min (fi(N),H)
=0 =0
N—1 N—-1 (V)
1 1 1 ,
Ry(0) = N R, = N max (0, 3 log, 510 >
=0 =0
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Rate-Distortion Function for Gaussian Sources with Memory
Parametric Rate-Distortion Function

@ Rate-distortion function is given by limit for

DO = i, Dnlo) = >
1 N-1
RO = i B (O) = i v 2

2\
MZ

N — oo

win (6.0)

1
max (0, 3 log,

g™
)

@ Recall: Grenander and Szegés theorem for infinite Toeplitz matrices
(N)
R S

= Rate-distortion function R(D) for Gaussian sources with memory

1 L
E/ﬂr min{®gs(w),0}dw

lim
N —o0

D(0)

R(6)

—> Specifies upper bound for R(D

Heiko Schwarz

1 (7 1
e /77r max{O7 5 log,,

Source Coding and Compression
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Dgs(w)
0

b

) of all processes with the same ®gg(w)
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Rate-Distortion Theory Rate-Distortion Function for Gaussian Sources with Memory

lllustration of Minimization Approach

@, (w)
reconstruction error
spectrum
\— preserved spectrum @, (w)
|
- /7
white|noise o
0
— N v -
—

\ . . -
‘ no signal transmitted ‘

Similar to reverse water filling

@ At each frequency, the variance of the frequency component as given by the
spectral density ®sg(w) is compared to the parameter 6, which represents
the target mean squared error of that frequency component

@ When ®gg(w) is found to be larger than 6, the rate %logQ(b“T(“) is assigned,

otherwise zero rate is assigned to that frequency component
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Rate-Distortion Function for Gauss-Markov Sources

@ R(D) for zero-mean Gauss-Markov process with |p| < 1 and variance o

Sp="Zn+p-Sn_1 (339)

@ Auto-correlation function and spectral density function are given as

=l B = S gl =TI (g
Pt 1 —2pcosw + p?
@ If we choose
. 1-p° 1—p
> min ® g2 P 2P 41
O 2mindss(w) =0" 5 5 =7 15, (341)
we obtain
N )

Heiko Schwarz Source Coding and Compression November 24, 2013 235 / 242



Rate-Distortion Theory Rate-Distortion Function for Gauss-Markov Sources

Rate-Distortion Function for Gauss-Markov

o Corresponding distortion rate function for R > logs(

Sources

1+ p) is given by

D(R) = (1 —p?) 0% 27%F

@ Includes result for Gaussian iid sources (p = 0)

NR [dB
45 SR 14B]
40 D* _1-p 0=0.99
35 o' l+p 0=0.95
2 - 0=09
0=0.78
25 — =05
20 = =0
s ,.////
// /
5 g
R [bits]

0 051 15 2 25 3 35 4
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Chapter Summary
Chapter Summary

Rate-distortion theory
@ Determine minimum rate R for a given distortion D and source

@ Determine minimum distortion D for a given distortion R and source

Operational rate-distortion function

@ Fundamental bound as minimum over all possible source codes

Information rate-distortion function
@ Minimum over all conditional pdfs gg/|g(s'|s)
o Coincides with operational rate-distortion function
@ Use term rate-distortion function R(D) for both
@ Fundamental bound for lossless coding is given by R(0)
e Discrete sources: R(D) is a convex function with R(0) = H(S)
o Continuous sources: R(D) is a convex function with R(0) — oo
e MSE distortion measure: D(0) = o2
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Chapter Summary

Shannon lower bound
@ Lower bound of rate-distortion function
Asymptotically tight for high rates
Suitable reference for performance evaluation at high rates
Shannon lower bound Ry, (D) can often be computed analytically

Computed Ry (D) for several iid sources and Gaussian source with memory

Rate-distortion function for Gaussian sources and MSE distortion

R(D) for Gaussian iid sources coincides with Shannon lower bound

@ Any other source than the Gaussian iid source with the same variance
requires less bits for same MSE distortion

R(D) for Gaussian source with memory can be specified as parametric
expression using the power spectral density ®gg(w)

Derived analytic expression for Gauss-Markov source and R > log,(1 + p)

R(D) for Gaussian source with memory and a spectral density ®gg(w)

specifies an upper bound for all other sources with the same spectral density
— Gaussian sources are the most difficult to code
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Exercise 11

A fair die is rolled at the same time as a fair coin is tossed. Let A be the number
on the upper surface of the die and let B describe the outcome of the coin toss,
where B is equal to 1 if the result is "head” and it is equal to O if the result if
“tail”. The random variables X and Y are givenby X = A+ Band Y = A — B,
respectively.

Calculate:
o the joint entropy H(X,Y),
@ the marginal entropies H(X) and H(Y),

@ the conditional entropies H(X|Y') and H(Y|X),
@ the mutual information I(X;Y).
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Exercise 12

Consider a stationary Gauss-Markov process X = {X,,} with mean p, variance o
and the correlation coefficient p (correlation coefficient between two successive
random variables).

Determine the mutual information I(Xy; Xxyn) between two random variables
X and Xg4n, where the distance between the random variables is N times the
sampling interval.

Interpret the results for the special cases p = —1, p =0, and p = 1.

Hint: In the lecture, we showed

E{(X—-pun)"-Cy'-(X—pn)} =N,

which can be useful for the problem.
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Exercise 13

Show that for discrete random processes the fundamental bound for lossless
coding is a special case of the fundamental bound for lossy coding.
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Exercise 14

Determine the Shannon lower bound with MSE distortion, as distortion-rate
function, for iid processes with the following pdfs:

o The exponential pdf fr(z) = \- e, with z >0

@ The zero-mean Laplace pdf f(z) = % cem Ml
Express the distortion-rate function for the Shannon lower bound as a function of

the variance o2.

Which of the given pdfs is easier to code (if the variance is the same)?
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