Exercises with solutions (Set D)

11. A fair die is rolled at the same time as a fair coin is tossed. Let A be the
number on the upper surface of the die and let B describe the outcome of
the coin toss, where B is equal to 1 if the result is “head” and it is equal
to 0 if the result if “tail”. The random variables X and Y are given by
X =A+4 B and Y = A — B, respectively.

Calculate the marginal entropies H(X) and H(Y'), the conditional en-
tropies H(X|Y) and H(Y|X), the joint entropy H(X,Y") and the mutual
information I(X;Y).

Solution:

Let a, b, x, and y denote possible values of the random variables A, B, X,
and Y, respectively.

Each event {a, b} is associated with exactly one event {x,y} and the prob-
ability for such an event is given by

11 1
pag(a,b) =pxy(z,y) = 56212
Consequently, we obtain for the joint entropy
H(X)Y) = —pry(x y) logy pxy (z,y) = —12- 1 log 1
’ ’ ? ’ 125212

z,Y

= log,12 =2+41og, 3

The following tables list the possible values of the random variables X
and Y, the associated events {a, b}, and the probability masses px (z) and

Py (y).

events {a,b} | px(z)
11,0} 1/12
2,0}, {1,1} | 1/6
{3,0}, {2,1} | 1/6
{4,0}, {3,1} | 1/6
{5,0}, {4,1} | 1/6
{6,0}, {5,1} | 1/6
{6,1} 1/12

events {a,b} | py(y)
o1 1/12
(1,0}, {2,1} | 1/6
{2,0}, {3,1} | 1/6
{3,0}, {4,1} | 1/6
{4,0}, {5,1} | 1/6
{5,0}, {6,1} | 1/6
{6,0} 1/12
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The random variable X = A + B can take the values 1 to 7. The prob-
ability masses px (z) for the values 1 and 7 are equal to 1/12, since they
correspond to exactly one event. The probability masses for the values 2
to 6 are equal to 1/6, since each of these values corresponds to two events
{a,b}. Similarly, the random variable Y = A — B can take the values 0 to
6, where the probability masses for the values 0 and 6 are equal to 1/12,
while the probability masses for the values 1 to 5 are equal to 1/6.



Hence, the marginal entropies are given by

1 1 1 1
H(X) = *XI:PX(I) logsz(x):*?ﬁ10%21*2*5'610&6
_ L log, 4 + log, 3 +%- log, 2 +log, 3
6
7
= 6+10g23
and
1 1 1 1
H(Y) = —Xy:pY(y) logsz(y)Z—Q'E10g2§—5'610g26
7
= é+log23

The conditional entropies can now be determined using the chain rule

7
H(X|Y) = H(X,Y)—H(Y):2+1og23—6—log23:

S|t Ot

7
H(Y|X) = H(X,Y)~H(X)=2+logy3 ~ ¢ —log;3 =

Alternatively, we can also calculate the conditional entropies based on the
probability mass functions.

The conditional probability mass function pxy (z|y) is given by

1 @ x=y+2
pXY($|y:0):{ 0 : otherwise

1 : xz=
pavlely=0={ § I I

otherwise
1/2 : x=y
pxy(@0<y<6)=4 1/2 : z=y+2
0 :  otherwise
Hence, we obtain
H(X|Y) = —ZPY(Z/)ZPX|Y($|3/) logy px |y (2]y)
Yy x
1 1 1 1
= —2-5(1-110g21) _5'6(2'5 1og2§)
_ 9
6

Similarly, the conditional probability mass function py|x (y|z) is given by

o 1 @ y==x
pyix(ylr =1) = { 0 : otherwise

1 y=x—2
pyix(ylr =7) = { 0 otherwise



1/2 : y=x-2
pyix(Wl<z<T)=4¢ 1/2 : y=u
0 :  otherwise

Hence, we obtain

H(Y|X) = *pr anx y|z) logs py x (y|z)
1 1,1, 1
- 72~E(1~llog21)75~6(2-§10g2§)

I

6

The mutual information I(X;Y’) can be determined according to

7 1
I(X;Y):H(X)—H(X|Y)=6+log23—6 =§+10g23

o 7 51
I(X;Y):H(Y)—H(Y|X):6+10g23—6:§+log23

Alternatively, it can also be determined based on the probability mass
functions,

Y) — o) log. PXY(@:Y)
[(X;Y) = %pxy ) logs
(1)

= 8-—log ARNETARY
12 2(a) (5)
2
= 3log23+
1
= §+10g23

(12)
(1) - (3)
( +log23>

+4-— log2

log, 6 = log2 3+

Wl =

3 3



12. Consider a stationary Gauss-Markov process X = {X,, } with mean y, vari-
ance o2, and the correlation coefficient p (correlation coefficient between
two successive random variables).

Determine the mutual information I(X; Xi4n) between two random vari-
ables X and X4 N, where the distance between the random variables is
N times the sampling interval.

Interpret the results for the special cases p = —1, p =0, and p = 1.

Hint: In the lecture, we showed
E{(X—un)" - Cy' - (X~ pun)} =N, (1)

which can be useful for the problem.

Solution:

The mutual information I(Xy; X;4n) between the random variables X,
and Xy, can be expressed using differential entropies

I(Xp; Xern) = h(Xk) — M Xk Xpqn)
h(Xy) + (X n) — W Xe, Xpyn)
)

For the marginal differential entropy h(Xy), we obtain

h(Xy) = E{-log, fi(x)}
= p{iom, (Vi) + 1y )
ﬁ
1

1 1
— Zlog,(2 L
5 1082 (270 )+2ln2

= %log2(27r02) + E{(z—p)*}

1
= §log2(27r02) + 5 log;(e)

1
il log, (27me 0?)

The joint pdf of two samples of a Gaussian process is a Gaussian pdf.
With x = [x1, 714 n]T being a vector of potential outcomes of the random
variables, the joint pdf is given by

1
fa @ aen) = fan () = o rmems

_%(X_I‘Q)Tcgi}v(x_liz)



where pto = [p p]7 is the vector of mean values and Cy y is the covariance
matrix. With X = [X; Xy n]7 being a vector of two random variables
X and X4 the covariance matrix is given by

E{(X — py)" (X — 1)}

_ { E{(X) — p)?} E{(Xy — p)(Xp+n — 1)} }
E{(Xp — p)(Xpyn — )} E{(Xp — p)?}

Can

Hence, we obtain for the joint differential entropy

WXk, Xit+n)
= E{ —logy fo,n (X, Xptn)}

1 _
=K {log2 (27T |C2,N’) + m(x - NQ)TCZ}V(X - Hz)}

1 1
= 5 log, ((27T)2’C2,ND + 5 1112E {(X - /J,Q)TCQ}V(X — Hz)}

Inserting the expression given as hint yields

..
= 51om ((201Can]) + 5y P {(X— ) AKX - o)}
L G
= Sioms (mlcanl) + 52
— Liogy (m?lCan]) + e
_ %10g2 ((2w)2|cz,N|) +logy e
_ %logg ((2776)2!02,N|)

Note that a continuous stationary Markov process with correlation factor
p can be represented by

Xignv —p = p(Xpgnv-1 — 1)+ Zeyn

= p* (Xkgn—2— W)+ pZrsn-1+ Ziin
N-—1

= pN(Xp—p)+ Z P’ ZisN—i

=0

where Z = {Z}} is a zero-mean iid process; for Gauss-Markov processes,
it is an zero-mean Gaussian iid process.



The covariance E{(Xy — pu)(Xg4n — 1)} is given by
E{(Xk — ) (Xiyn — 1)}

Xk — M) (PN (X —p) + ]Vil p' Zk+N—i> }

1=0

I
&=

N B )+
N-1
Z 0 (E { Xk Zpyn—i} + ,uE{Z]HNﬂ.})

?

N0_2

|
A

Consequently, the covariance matrix Cy y is given by

2

ag N02
C2,N = { pN0_2 gz

For the determinant, we obtain
‘02,N‘ _ 0_2 . 0_2 _ (pNO_Q) . (pNO_Q) — 0_4 (1 _ pQN)

Inserting this expression into the formula for the joint differential entropy,
which we have derived above, yields

1
A(Xk Xern) = 5o, ((27re)2\02,N|)

%logz ((27re)204(1 - pQN))

For the mutual information, we finally obtain
I(Xk; Xk+N) = 2 h(Xk) - h(Xk, Xk;JrN)

log, (2me o) — %logg ((271’6)20'4(1 — pQN))
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The mutually information between two random variables of a Gauss-
Markov process depends only on the correlation factor p and the distance
N between the two considered random variables.

For p = 0, the process is a Gaussian iid process, and the mutual informa-
tion is equal to 0. A random variable X does not contian any information
about any other random variable Xy with N # 0.

For p = +1, the process is deterministic, and the mutual information is
infinity. By knowing any random variable X}, we know all other random
variables X n.



13. Show that for discrete random processes the fundamental bound for loss-
less coding is a special case of the fundamental bound for lossy coding.

Solution:

The fundamental bound for lossy coding is the information rate-distortion
function given by

I S(N)s/(N)
ROD) = fm o NS
N—00 gn:6(gn)<D N
<HN(S(N)) - HN(s(N);S/(N))>
N

= lim inf
N—oco gnN:6(gn)<D

= lim
N—o0 N_M)OQN:(S(!]N)SD

7HN(S(N)) — lim sup (HN(S(N)|S/(N))>
N

For lossless coding, the distortion D is equal to 0 and the vector of re-
constructed samples S’ ) g equal to the vector of source samples S(V).
Hence, we have

Hy (SW) Hy (SMV)|S(V)
RO(D=0)= lim M ~ Hm  sup M
N—o00 N N—o00 gn:6(gn)=0 N

The conditional entropy Hy (S(N) \S(N)) is equal to 0, and thus

Hy (SW)
R(I)(D:O) = lim M— lim sup <0)

N—o0 N N—>oogN:5(gN):0 N
Ha (SW)
= lim N( )
N —o0 N
— H(S)

For zero distortion, the information rate-distortion function is equal to the
entropy rate.



14. Determine the Shannon lower bound with MSE distortion, as distortion-
rate function, for iid processes with the following pdfs:

e The exponential pdf fg(z) = \-e N, with x >0
e The zero-mean Laplace pdf fr(z) = % cem Ml

Express the distortion-rate function for the Shannon lower bound as a
function of the variance 0. Which of the given pdfs is easier to code (if
the variance is the same)?

Solution:
The mean of the exponential pdf is given by

o0 o0

UE :/xfE(:c) d:v:)\/xe*)“’” dz

0 0

Using the substitution ¢t = —Az and applying the integration rule [uv’ =
wo — [w'v with u =t and v’ = €’ yields

_ -z _ - t _ t _ ¢
,uE—)\/xe dx—A/te dt 3 [te}o /e dt
0 0 0

- (-0 17) - -4b-1 -

For the variance of the exponential pdf, we obtain

o0 oo 1
0% = /:chE(x)dx—ﬂ%:)\/m26_’\'wdx—ﬁ
0

0

Using the substitution ¢t = —Az and applying the integration rule [uv’ =
wv — [w'v with u =t and v’ = €’ yields

oo — 00

1 1
2 _ 2 _—A _ 2t
UE—)\/a:e xdx—ﬁ——ﬁ tedt—ﬁ
0 0
_ 1 2 t| N t
= - | [P¢], —2/te dt | - 55
0
1 N
= -3 {0—0]—2/te dt | -+
0
o 12 g\ 1
A G /edt /\2_/\2<[0 o] - |¢], ) e




Similarly, for the variance of the Laplace pdf, we obtain

oo )\ o0
o? = /zsz(:c) dz:§ /1’267)‘"30‘ dx
A 002 -z 7002 -z 2
:§-Q/xe dx:)\/xe dt:ﬁ
0 0

The Shannon lower bound for iid processes and MSE distortion is given
by

1
DL(R) — 277(.6 . 22h(X) . 272R

For the differential entropy of the exponential pdf, we obtain

hp(X) = — / fi(2) log, () dz
0
= -\ [e® <10g2)\—)\x> dx
0/ In2

2 o0 o0
1?172 re M dz — X log, )\/e_>“"C dx
0 0

By setting ¢ = —Az and using the integration rule [uv’ = uv— [ /v with
u =z and v' = e, we obtain

— 00 — 00

1
hg(X) = " tetdt+log2)\/etdt
0 0

— 00 — 00

_ 1 e t t
= 3 [te}o /e dt +log2)\/e dt
0 0

A 1 )
- m{0—0}+<10g2)\—m2> /e at

0
—00 A
= (logy A — logy €) [et . = log, - {O - 1}
2

e 1 1 9 9
= 1og2xz§log2 <2 Elog2 (e 0)



Similarly, the differential entropy for the Laplace pdf is given by

h(X) = - / fo(@) log, 1 (x) da
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By setting ¢ = —Az and using the integration rule [wv’ = uv — [u'v with
u =z and v’ = e, we obtain

i N
hp(X) = m/te%hf+10g2§/etcht
0 0
1 —0o0 )\ — o0
_ . )7 t A t
= 2 ([te]o /edt +log22/edt
0 0

A A1 [,

0

A —oo A
= <log2 5~ log, e) [et} . = log, % [0 — 1}
2¢ 1 4e? 1
= log, Y3 log, (/\2) =3 log, (262 02)

Inserting the expressions for the differential entropy into the formula for
the Shannon lower bound yields, for the exponential pdf,

1 2 2
DIP(R) = 5—-2Me(X). 9720 - ET 5-2R
_ % . ,2.972R
2

and, for the Laplace pdf,

1 2 2 2
DEL)(R) _ 22hL(X) .2725’,: €0 .2725’,

ore 2me

Do
3
®

. 0_2 . 272R

SR

Hence, at high rates R, the distortion for the Laplace pdf is twice as large
as the distortion for the exponential pdf with the same variance. The
exponential pdf is easier to code.
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