Exercises with solutions (Set F)

20. Given is a stationary random process S = {S,,}. We consider affine pre-

diction of a random variable S,, given the N preceding random variables
Sn—1=1[Sn-1Sn-2 -+ Su_n]T.

Derive all formulas (as requested below) as function of the mean pug, the
variance 0%, the N-th order autocovariance matrix Cpy and the auto-
covariance vector ¢; = E{(S, — ps)(Sn—1 — nsen)}, where ey is an
N-dimensional vector with all entries equal to 1.

(a) Derive the affine predictor that minimizes the mean squared predic-
tion error.

Solution:
An affine predictor can be written as

S, =ho+hk - S,_k

with hg and
hy = [hy he -+ hy]"

being the parameters of the affine predictor.
The prediction error is then given by

Up=258,—S,=5,—ho—hkS,
For the mean of the prediction error, we obtain

po = E{U,} = E{S,} — ho — b} E{S, 1}
= ps —ho — pshyey
= ps (1 —hyey) — ho

The variance of the prediction error is given by
o = B{(v- B0’}
- {(Sn —ho—h% S, — s (1 -G en) + ho) }
= {( (Sn — ps) —hiy (Sn—k — MseN))2}
= B{(Sn—ns)"} — 20 E{(Su—p5) (Su-r — nsen)}
+E { (Sn—r — usen) (Sn—k — MSeN>T}
= 0% —2h%c; +hl Cyhy
The mean squared prediction error can be written as

e = o + iy
2
— 02— 2h%¢; +h, Cyhy + (ug(lfhﬁeN)fh())

The MSE is a convex function of the parameters hg, with 0 < £ < N.



We first consider the minimization of the MSE with respect to hg.
Since the first term of the MSE (which represents the variance) is
independent of hg, the minimization yields

0
8705?1 = 2(#8(1 —hyey) - h0>(—1)

0 =pus(1 —h%eN) — ho
N
ho = /,Ls(l —hjj\}eN) = us (1 —Zhi>
i=1
The resulting mean squared prediction error is
€2, =04 =0% —2h%c; +hi Cyhy

For deriving the vector hy that minimizes the variance, we write the
vector and matrix multiplications as sums:

N N N
of =05 =2 hi(cr)i+ Y > hih;(Cn)ij
=1

i=0 j=0

Since 02U is a convex function with respect to the parameters hy, with
1 < k < N, the parameters that minimize the variance can be found
be setting the first derivatives equal to 0.

For 1 <k <1, we have

0
I of = —2(c)p +2hi (Cn)gk + Z hi (Cn)ix + Z hi (CN)ki
k ik itk
N
0= —2(c)r+2 Y hi(Cn)ik,
i=0
yielding
N
D (C)kihi = (e1)k
i=0

(Cn)rhy = (c1)k,
where (Cy )y denotes the k-th row of the matrix Cy.
By combining all N equations, we obtain the matrix equation
CN . hN =C1

And by multiplication with the inverse autocovariance matrix from
the front, we obtain
hN = CKII - Cq1

Hence, the affine predictor that minimizes the mean squared predic-
tion error is given by

hy = Cy' ¢y

ho = ps(l—hyen)=pns(1—cf Cylen)



(b) Derive expressions for the mean and the variance of the resulting
prediction error as well as for the mean squared error.

Solution:

For the mean of the prediction error, we obtain

po = ps(1—hyey) —h,
= ug(l—h]TVeN)—,ug(l—h]TVeN)

=0
By inserting Cyhy = c; into the expression for the variance, we
obtain
0% = 0% —2h% c;+hl Cyhy
= (Tgv 72h%01 +hTIC[C1
= 0% —hkc;
and

2 _ 2 T
oy = JS_thl
2 -1.\T
= US’_(CN C1) C1

_ 2 _ T
=o0g5—¢; Cy c;

Finally, for the mean squared prediction error, we obtain

2 _ 2 2
€y = oy tugy
:0'[2J

= ot —-cl Cyle



(¢) Derive the affine predictor and the resulting mean, variance and mean
squared prediction error for the special case N = 1, meaning that a
random variable S, is predicted using the random variable S,,_;.
The correlation coefficient between successive random variables is p.

Solution:

The autocovariance matrix Cp and the autocovariance vector c¢; are
given by

Cy = E{(Snfps)Q} :02
e = E{(Sn —ps)(Sn—1 — ps)} = poi

For the coefficient h; of the affine predictor that minimizes the MSE
5%1, we obtain

Cyvhi =<
o3hy = pos
hl = p

And for the coefficient hg, we have

ho = ps(l—hy)
= ps(1—=p)
So, the affine predictor is given by

Sn :p'Sn—l +,US(1 _p)

The resulting mean is

the variance



21. In image and video coding, a sample S, is often predicted by directly
using a previous sample S, _1, i.e., by S, = .5,_1.

Consider a zero-mean stationary process S = {S,} with the first-order
correlation factor p.

(a) For what correlation factors p do we observe a prediction gain (the

mean squared prediction error is smaller than the second moment of
the input)?

Solution.:
The MSE (or variance) of the prediction error is given by
5%,’1 = 0% —2hc; +h*Cy
= 0’% — 2pcr?g + O'gv

= 205(1-p)

A positive prediction gain is observed for

ey < €%

204 (1—p) < 0§
21-p) < 1
1

(I-p) < b
p> =

2

For what correlation factors is the loss versus optimal linear predic-
tion smaller than 0.1 dB?

In optimal prediction, we have h = p, yielding the MSE
E%],Opt = O'?g —hecy + B2 Cyn
= 0% —2p%0% + p°0
= o5 (1-p%

The loss in prediction gain is smaller than 0.1 dB, if we have

2

€U opt 1

—10 loglo . < o

5[2“ 10

o5 (1-p%) 1

IOg S\ FJ > -
19262 (1 - p) 100
1225 107w

p>2-10710 — 1 ~ 0.9545



22. Consider prediction in images. Assume that an image can be considered
as a realization of a stationary 2-d process with mean ug and variance 0’%.

We want to linearily predict a current sample based on up to three (already
coded) neigbouring samples: the sample to the left of the current sample,
the sample above the current sample, and the sample to the top-left of
the current sample.

The correlation factor between two horizontally adjacent samples is pg,
the correlation factor between two vertically adjacent samples is py, and
the correlation factor between two diagonally adjacent samples is pp (same
in both directions).

The goal is to design linear predictors that minimize the mean squared
prediction error. The mean pug is subtracted from both the current sample
and the samples used for prediction before doing the prediction.

(a) Assume that pg > py.
Compare optimal linear prediction using only the horizontally adja-
cent sample and optimal linear prediction using both the horizontally
and the vertically adjacent sample.

Under which cicumstances is the prediction using both samples better
than the prediction using only the horizontally adjacent sample?

Solution:
We first consider optimal linear prediction using only the horizontally
adjacant sample. The predictor is given by

Sx = ps +h(Sg — ps)
yielding the prediction error
Uy = Sx — Sx = Sx — s — h (Si — ps)
For the mean squared prediction error, we obtain
% = E{U}} = E{(SX — pis +h (Sy — us))z}
= E{(Sx - us)z} —2hE{(Sx — us))(Su — ns)) }
+h2 E{(Su — ns)” }

= U?g — thH(f% + hzagw
= 0%(1 —2hpy + h?)

The prediction coefficient that minimizes the MSE is given by
h=pu

yielding

e =o% (1—ph)
Now, we consider optimal linear prediction using the horizontally and
the vertically adjacant sample. The predictor is given by

Sx = pus +hy (Spy — pses)



with h2 = [h v]T7 SHV = [SH Sv]T, and €y — []. 1]T.
For the mean squared prediction error, we obtain

E{Ufv}= E{(SX — ps+ho (Spy — Msez))2}
= E{(SX - us)Q} —2hy E{(Sx — ps) (Su — pses) }

+hl E { (Suv — nsez) (Sav — Msez)T}
= 0% —2hyc+hiCh,

2
€AV

with the autocovariance matrix

Su — ps 2| 1 pp
C=F -| Sy — Sy — =
{[Svus] [ H — HUS \% us]} Us[pD 1 }

and the autocovariance vector

e {[ 5] s} =t [ 2]

Sv —ps | pv

The prediction coefficients that minimize the MSE are given by the

solution of )
o | 1 pp | | M| _ o pu
95 [ pp 1 ] v | 795 v

Hence, we have the two equations

h+pp-v = py
pp-h+v = py

Multiplying the second equation by —pp and adding the result to
the first equation yields

(1—=pb)h = pu —popv

_ PH — PDPV
1—p}
Similarly, we obtain
v — PV — PDPH
1-— p2D
yieling
hy = 1 [ PH — PDPV ]
1L—ph | pv —pppE
For the MSE, we obtain
5%{‘/ = 0’% — CT h2
2
2 Os PH — PDPV
= 0 —_
s 17;%[% ov ] |:prDPH:|
2 Ug‘ 2 2 _ 9
=05 {_ 2 (pH + PY = 2pppEPV)
PD
— 2 (1 P + Py — 2pDpHEPY
-0 1-p}



The difference between the MSE €%, and €%, is

2 2 —92
b=y = o (- pip) o (1 - L oo )
— 02
o (Pt Py —2pDpEPY
= 95 1= 2 —Pu
Pp
_ <p?{ + 0y — 20ppEPYV — PR+ p%ﬁ%)
= 0g T 5
PDb

_ 2 ((PV)2 —2(pppu)(pv) + (PDPH)2>
= 0y 1= 5

PD
_ 2 (pv —PDPH)2
= O'S —_——

L —pp

The MSE for the 2-sample prediction is never greater than the MSE
for the 1-sample prediction. In general (pp # £¥), the MSE can be
reduced by using the vertically adjacent sample in addition to the
horizontally adjacent sample for prediction.



(b) Consider the special case pg = py = p and pp = p°.
Derive the prediction gain g = 0% /€% for the optimal vertical predic-
tors using
e the sample to the left
e the sample to the left and the sample above
e the sample to the left, the sample above, and the sample to the
top-left

What are the prediction gains in dB for p = 0.957

Solution:
For the predictor using the horizontally adjacent sample, we have
2
Os
gH = e%,
2
__ 9%
o (1 - py)
1
1—p2
For the predictor that uses the horizontally and the vertically adja-
cent sample, we have

o
gV = TS
€av
_ o}
o o3 (l_p?;er%}l:iZDDpHpv)
_ 1- 3
- 1— 2 2 2 +92
Pp — PH — Py PDPHPV
_ 1—p
1—p4—p2—p2+2p4
_1-pt (=704
_ 1+
i

For the predictor that uses all three adjacent samples, the prediction
coefficients hz = [h v d]T are given by the solution of the linear
equation system

Csh; =c3

with

1 pp pv 1 p?
Cs=0% | pp 1 pu |=0% | p* 1
pv pa 1 p P

and
) PH ) P
C3 =0y v =0y P

PD p



Hence, we have
h+p* v+p-d=rp

P> -h+v+p-d=p
p-h+p-v+d=p

2

Multiplying the last equation by —p and adding it to the first and
second equation yields
(1=p)h = p(1—p°
(1=p*v = p(1—=p?)
and, hence,
h=v=p

Inserting this in the third equation of the above equation system
yields

Hence, we have

And for the MSE, we obtain
ehvp = 05 —¢j hy

=ot¢—os[p p P p,
—p
— 2ok (4P )
= 0% (1 —2p° +p4)
= o2 (1-p?)°
Hence, the prediction gain is

_os 1
QHVD—E%{VD—(l_p2)2

For p = 0.95, we get the following prediction gains in dB:

1
1 2
Gy = 10 logy, 14:7,;2 ~ 12.90 dB
1
GHVD =10 loglo D E——T ~ 20.22 dB
(1=r?)

10



23. Given is a stationary AR(2) process
Spn=1Zn+ar-Sp_1+azSy_2

where {Z,,} represents zero-mean white noise.

The AR parameters are a; = 0.7 and ay = 0.2.

(a) Determine the correlation factors p; and ps, where p; is the corre-
lation factor between adjacent samples S,, and S,,—1, and ps is the
correlation factor between samples S, and S, _2 that are two sam-
pling intervals apart.

Solution:
The covariance between two samples S;,, and S, is given by

E{SnSn—l} = E{(Zn + alsn—l + QQSn—2) Sn—l}
= B{Z,Sp 1} +a1 E{S? |} +as B{S,_1 S, 2}
p10% = 105 +azprog

pr(l—az) = aq

yielding
aq 0.7

T 1-ay o2 08P

P1

Similarly, the covariance between two samples S;, and S,,_o is given
by

E{SnSn,g} = E{(Zn + alan + 04257172) Snfz}
= E{Zn Sn_g} =+ a1 E{Sn_lsn_Q}—FOéQ E{S?L_Q}
P2U?9 = alplU?q-f-OQU?g

p2 = a1 p1+ Qg
aq

= + g
1-— (65)
. a% - a% + a2
o 1-— (6%)
yielding
2 2 2 2
aj —as+azy  0.7°—-0.240.2
= = =0.8125
P2 1—ay 1-02

11



(b) Derive the optimal linear predictor (minimizing the MSE) using the
2 previous samples.
Determine the prediction gain in dB.

The predictor is given by

5 Snfl
Sp=1[h1h
o Bl [ SH_J
The optimal predictor is the solution of the following linear equation
system
CQ -h = Cq1
2| L opr | b | _ 2|
7s [ p1 1 hy | =98 P2
or
hi+p1hs = p1
prhi+hy = po
yielding
(1—=ph)hi = p1—p1p2
1-— P2
hi =p
P2
1—-0.8125
= 08T T g7
hy = 0.7
and

ha = pa —hypy
= 0.8125—-0.7-0.875
ho = 0.2
It should be noted that the prediction coefficients are equal to the AR
parameters (hy = ag and hs = az), which can be shown by inserting
the formulas for the correlation factors in the above equations.
For the variance of the prediction error, we obtain
‘72U = ng —hT . ¢
= U?; —h -plo?.; — ho -pga?g
= 0% (1—=hy-p1—hap2)
= 0%(1—0.7-0.875— 0.2 - 0.8125)
of = 0.225-0%
yielding the prediction gain

o2
Gp = 10-log;, —25
ou

1
= 10-logyo o5z
6.4782dB

Q

Gp

12



(¢) Derive the optimal linear predictor (minimizing the MSE) using only
the directly preceeding sample.

What is the prediction gain in dB?.

What is the loss relative to an optimal prediction using the last two
samples?

Solution:
The optimal prediction coefficient is the solution of the equation

Cl~h = C1
og-h = pi-0%

yielding
h =p; =0.875

The resulting prediction error variance is given by

o = o0g—h-c

= 0c—p1-p1-0%
o5 (1—p})

= 0% (1 —0.875%)
o = 0.234375 - 0%

yielding the prediction gain

0.2
Gp = 10-1og100_—§
U

1

10-1og10 5537375

Gp 6.3009dB

Q

The loss versus optimal prediction is

0.234375 0%

L =10-1
810 70 9925 6%
0.234375
- 10-1 b
0-log1o =555
~ 0.1773dB

13



(d) Can the linear predictor using the directly preceeding sample, given
by
U, = Sn —pP1- Sn—1~

be improved by adding a second prediction stage
Vi=Un—h -Up_1?

What is the optimal linear predictor for the second prediction stage?
What is the prediction gain achieved by the second prediction stage?
How big is the loss versus optimal linear prediction using the last two
samples?

Solution:
The covariance of the prediction error after the first stage is given by

E{Un Un—l} = E{(Sn —P1 Sn—l) (Sn—l —pP1 Sn—?)}
= E{Sn Sn—l} —P1 E{Si—l} —P1 E{Sn Sn—Q}
+p% E{Sn—l Sn—2}
pU Ol = pro§ —p1o§ — p1p20% + piog

= a§-p1(p} — p2)
Since, the covariance is not equal to zero (for ps # p?), the prediction
can be improved by adding a second prediction stage.
Inserting the formula for the prediction error variance after the first

prediction stage, o7 = 0% (1— p?), which has been derived above, we
obtain

pu oty = 0% - p1(pT — pa)

pu % (1= p}) = 0% p1(p} — p2)

2
P1— P2
pU = P17 o
Pl
0.875% — 0.8125
B e
= —0.175

Hence, the optimal second stage predictor is given by
h =py = —0.175
and the final prediction error becomes

7% = ot (1-p})
= 0.969375 0,

yielding the second stage prediction gain

0.2
Gp = 10 . loglo 7(2]
9y

1

101810 5560375
0.1351 dB

Q

14



For the loss versus optimal prediction using the last two samples, we
obtain

0.969375 o7,
0.2250%
0.969375 - 0.234375 2
0.225 02
0.969375 - 0.234375
0.225

L = 10logy,

= 10log;,

= 10log;,
0.0422 dB

Q

15



24. Consider a zero-mean Gauss-Markov process with the correlation factor
p=0.9.

The Gauss-Markov source is coded using DPCM at high rates. The quan-
tizer is an entropy-contrained Lloyd quantizer with optimal entropy cod-
ing.

(a) Neglect the quantization and derive the optimal linear predictor (min-
imizing the MSE) using the previous sample.

Determine the prediction gain.

Solution:
The optimal linear predictor is given by

Sy=h-Se_1 with h=p
The resulting prediction error is
of = 0§ (1—p?)

Hence, we have the prediction gain

0.2
Gp = 10-logy) —5
ki

1
= 10- 1Og10 m

1
= 10-logio 745

7.2125 dB

Q

(b) Use the predictor derived in (24a) inside the DPCM loop.
Assume that the prediction error has a Gaussian distribution.

What is the approximate coding gain compared to ECSQ without
prediction at the rates R; = 1 bit per sample, Ry = 2 bit per sample,
R3 = 3 bit per sample, Ry = 4 bit per sample, and R5 = 8 bit per
sample?

Solution:
For the prediction samples, we can write

Sn =h- S;_l =h- (Sn—l - Qn—l)a

where Q,, = S,, — S}, represents the quantization error.
For the prediction error, we obtain

Un = Sn - Sn = Sn - hSn—l + hQn—l
The mean of the prediction error is

Hu = E{Un} = E{Sn} - hE{Sn} JrhE{Qn}
ps(l—h) + pg
=0

16



Note that {S,} is a zero-mean process and i is zero, since an
entropy-constrained quantizer is a centroidal quantizer for which the
mean of the quantization error is always zero.
For the prediction error variance, we obtain
oty = BE{U2} = B{(Sy — hSn—1 +hQn_1)*}
= E{S?} —2hE{S, Sn_1} +2hE{S, Qn_1}
+h? B8] 1} + h* B{Q; 1} — 20" E{Sy 1Qn-1}
= 0% —2hpo + hPo? + hQU%
+2h E{Sn anl} - 2h2 E{Snlenfl}
= 0% —2p%0% + pPok + ,020(22
+2p BE{S, Qun-1} — 20* E{Sn—1Qn_1}
= (1= p*)oe+p*05 +2p E{Sn Qu-1} — 20> E{Sp1Qn_1}
For the cross-term, we have
20 E{Sn Qn-1} — 20> E{Sn—1Qn_1}
= 2/7 E{(Zn + pSn—l)Qn—l} - 2/)2 E{Sn—lQn—l}
= 2pE{ZnQn—1} + 2P2 E{Sn—lQn—l} - 2[72 E{Sn—lQn—l}
= 2pE{Z,Qn-1}
=0
yielding the prediction error variance
oty = (1= p?) 0§ + p’of

For high rates (which we consider), the quantization error can be ex-
pressed using the high-rate approximation for the entropy-constrained
Lloyd quantizer for Gaussian sources

0(29:%6-0%,~2sz
yielding
o = (1=p)ok+p? T of 2"
at, (1 %e'pz'Q’zR) = (1-p) 0%
2
R
of = 6-0% L=

And for the quantization error (for high rates), we get

2 T€ 2 5-2R
=~ .5%2.9
me 1—p? _
= _—.(6-0%- .9—2R
6 < s 6—7r-e~p2~2—2R>
_ 2 776(1_/)2) _2R
O—S.(G—ﬂ"e'p2~2_2R 2

17



Without prediction, we would have the high-rate quantization error

Hence, the coding gain (for high rates) is given by
2
o
Ge(R) = 10-log;, —22
79Q
6 — mep? - 2721
= 10-1 _
OglO 6 . (1 _ p2)
The coding gain is dependent on the actual bit rate.
For the rate R; = 1, we obtain

6—me-0.92.272

GC(Rl) = 1010g10 6 (1 _092)

5.7359 dB

Q

For the rate Ry, = 1, we obtain

6 —me-0.9%.274

GC(RQ) = 10- 10g10 6 - (1 —0 92)

6.8877 dB

Q

For the rate R3 = 3, we obtain

6 —me-0.9%2.276
6-(1-0.92)

Gc(Rs) = 10-logy,
7.1335 dB

Q

For the rate Ry = 4, we obtain

6 —me-0.92.278
6-(1-0.92)

Gc(R3) = 10-logyg

Q

7.1929 dB

For the rate R5 = 8, we obtain

6 —me-0.9%2.2-16
6-(1-0.92)

Ge(R3) = 10-logy,
7.2124 dB

Q

The coding gain increase with increasing bit rate. For R appraoching
infinity, the coding gain approaches the prediction gain:

. 1
A Ge(R) =10-log,g 1505 =Gr

In the following diagram, the DPCM coding gain is plotted as func-
tion of the bit rate. For bit rates less than 1 bit per sample, our high
rate assumption is not valid.
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DPCM coding gain in dB
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